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On the Functions Representing Distances and 
Analogous Functions. 

By H. F. Blichfeldt. 



Introduction. 



Having given the analytical expression for the distance between two points 
#i» yi> 2*2 » Vz m the plane, it is a simple matter to prove that the six distances 
connecting any four points in the plane are connected by one relation, and to 
find this relation * 

Again, having given the analytical expression for the angle between two 
planes in space, a x x-\- \y + 2 = c lf a z x -f- b % y + a = c z , we easily find that one 
relation exists between the six angles made by any four planes in space. 

In these examples certain functions of the analytical expressions representing 
a distance or an angle, namely 

have this in common, that each is a function of four independent variables 
occurring in pairs, as x lt y x ; x it y 2 , in such a way that the interchange of the 
constituents of one pair with the corresponding constituents of the other pair 
leaves the functions unaltered. Moreover, the six functions representing the six 
distances between four points or the six angles made by four planes are connected 
by one relation, which, however, is fundamentally different in the two cases. 

Other geometric magnitudes might be chosen whose analytical expressions 
would possess the same characteristic properties, and the question then arises, 

•See ior example Salmon's " Higher Algebra," 4th Edition, p. 27. 
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what are the typical forms of all such expressions? This question, slightly 
extended, will be answered in the following paper, and a few geometrical appli- 
cations of the solution will be given (§§4-7). Using the coordinates of points 
of the plane to represent the pairs of variables in the functions sought, we shall 
formulate this question as follows : 

Galling a function of the coordinates of two points of the plane, left unaltered 
by interchanging the two points, a two-point function, it is desired to find the two- 
point functions possessing the following property : 

The ten two-point functions of the ten pairs of points of any five points are 
connected by two or more relations independent of the coordinates of the points. 

Some of the more general terms and properties of Lie's Continuous Groups, 
such as infinitesimal transformations, commutators ("Klammerausdrucke "), point- 
invariants, similarity of groups, will be used and will be supposed known. The 
phrase "change of variables," or "transformation of the variables," frequently 
employed in the following analysis, is understood to mean a change in the 
coordinate system of the plane of reference. It, therefore, denotes a transforma- 
tion of the form 

x f = $ {xi , y() , y i = 4' {xi , yi) , 

4> and ^ being the same functions whatever may be the subscript i. We shall, 
for brevity, write "the function {i,j)" in place of " the two-point function of the 
points Xi, y { ; x jt %." 

In order to determine the two-point functions having the properties stated 
above, it is convenient to divide them into three classes, according as the ten 
two-point functions of five points are connected by just two relations, by three, 
or by more than three such. 

Determination op the Two-Point Functions. 

I. — The Ten Two- Point Functions of Five Points are Connected by 

Just Two Relations. 

§1- 

Let the five points be x 1 , y 1 ; x z ,y 2 ; .... ; a; 5 , y 5 , and the two-point functions 
f(xi,yi ; Xj, y } ) ; i,j = 1, 2, 3, 4, or 5, i =f=j. Only eight of these are independent, 
according to hypothesis. We can therefore construct, in the usual way, two 
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independent linear partial differential equations satisfied by all the ten two-point 
functions. Denoting the partial differential coefficients of any solution / of 
these equations with respect to x t and y t by p { and q { respectively, the differential 
equations may be written 

5 5 

^(a t pt + b i q t ) = O t '2 l (A iPl + B i q l ) = 0, (1) 

the coefficients a u b it etc., being functions of the ten variables x l ,y l ; .... ; ;r B , y 6 . 
Two different numbers, i,j, say 1,2, can now be found among 1, 2, 3, 4, 5, 
such that the equations (1) can be solved for two of the derivatives p lt q lt p z , q z . 
Suppose the derivatives thus selected are p lt q v The equations (1) can then be 
written in the forms 

5 

Pi = a-Pz + 0ft + 2 ( ai ^ + & 2'')' 

*7 ! \ (2) 

q x — y Pl + Sq t + ^ (/< p t +& q t ) . I 
<=s J 

As these differential equations are satisfied by all the two-point functions of 
the five points considered, the equations obtained from them by leaving out the 
terms a 5 p & + ^q 5 and y iPi + S^q^ must be satisfied by all the two-point functions 
of the four points x lt y x \ x 2) y 2 -; x 3 , y 3 ; x it y 4 , whatever may be the values of 
a? B and2/ 5 . 

These last two variables may, or may not, be present in the coefficients of 
the equations (2) thus abridged. If they are present, we derive more than two 
independent differential equations that must be satisfied by the functions (1, 2), 
(1, 3), (1, 4), (2, 3), (2, 4), (3, 4). These six functions, containing eight variables, 
can therefore not all be independent. But then it is easily proved that the ten 
two-point functions of the five points x lt y x ; .... ; cc 5 , y 5 , satisfy at least three 
relations, contrary to hypothesis. 

Leaving out of (2) in the same manner the terms a i £> i + /? i g , i and 
YiPi + $i<li> * = 3, 4, we find that the coefficients a it etc., contain the variables 

«i,yi,^a, y^xu yu only. 

By definition, any one of the two-point functions is unaltered by inter- 
changing the two points. The ten two-point functions determining the equations 
43 
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(2) are therefore at most interchanged by interchanging any two of the five points 
considered. Subjecting the equations (2) to such a change would accordingly 
give us two new equations equivalent to the first two. It is thus immediately 
evident that a t , (3 it etc., are the same functions of x x , y lt jc 2 , y 2 , x i} y it as a } , /S,-, 
etc., are of x lt y lt a? 2 , y % , x it yj, and that we could solve the equations (2) for two 
of the derivatives^, qi,p$, q^ 

Now, the two-point function f(x it y±; x 5 , y 5 ), satisfying (2), must satisfy the 
following equations : 

a4 2>4 + && + a 5 l>5 + /?5?5 = 0,) ( 3 ) 

7iPi + ^4 ?4 + nPi + $B ft = 0. ' 

which are independent for general values of x lt y lt x % and y % . Substituting 
some constant values for these variables that will not destroy the independence 
of the equations (3), we find that the function (4, 5) must satisfy two indepen- 
dent differential equations of the form 

c*Pi +d 4 & +c 5 p 5 -J-^g-s =0,1 / 4 ) 

O iPi + A& + C tPt + D t q, = 0,l 

where the coefficients with the subscript 4 are functions of x t and y 4 only, and 
those with the subscript 5 the same functions with x 5 and y 5 in place of x 4 
and y t . We may remark that cj)^ — d^C^ =£ , 0, otherwise it would follow from 
(4) that the ten two- point functions, (1, 2), ..... (4, 5) would satisfy the equa- 
tions c % pi + d t qi = 0,1=1,2, 5, in which case at most five of them could 

be independent, contrary to hypothesis. 

Now, by the theory of partial differential equations, any solution common 
to the equations (4) must satisfy the equation obtained by forming the "commu- 
tator " of these two and putting it equal to zero, 

(<* h. + d> w. + c, ^ +d '4^( 0,t " + D,q ' + c ' p ' + D,ft ) 

The left-hand member is readily seen to be the commutator of c 4 p 4 + d t q 4 and 
GiPi + DiOi plus the commutator of ^p^ + d^ and C s p s ~{-D 6 q & . The new 
equation is, therefore, of the same form as the equations (4). 
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New differential equations may now be formed from this one and each of 
the equations (4), and so on. As all the differential equations so obtained have 
a solution (4, 5) in common, at most three of them can be independent. If 
three of them are independent, the ten two-point functions of the five points 
#i> Vi ;••••; #5> Vh ar e connected by at least three relations. For, let a 4 p 4 
+ PW± + ^5^5 -\~Pk<h = be any one of the equations satisfied by (4, 5), and it 
is clear that the differential equation 

OlPl + P\%\ + «2i>2 + P%q» + *' 3 Ps + Pi ?3 + «4>4 + Pi Si + "sPt, + PI ?5 = 

is satisfied by all the ten two-point functions considered. "We should have at 
least three such equations, independent of each other, and, therefore, at most 
10 — 3 = 7 independent common solutions. 

Consider next the case where only two of the differential equations of the 
form 

a'iPi + Pi 24 + «5i>6 + $ ?5 = 

are independent. The differential equation (5) should here be derivable from 
the equations (4). Applying this condition, we find the following identity in 

p 4 and q 4 : 

= 4>5 ( G iPi + ^i) + ^(OiPi + D 4 q 4 ) » 

<2> 5 and ^ being functions of a; 5 and «/ 5 only. Since none other of the coefficients 
involve ar 5 and t/ 6 , we can take some general constant values of these and obtain 
the result that the commutator of c 4 p 4 -f- d 4 q 4 and G 4 p 4 -\-D 4 q 4 is of the form 



m 



(c 4 p 4 + d 4 q 4 ) + n(C 4 p 4 + D 4 q 4 ) , 



where m and n are constants. But this is evidently the necessary and sufficient 
condition that the two expressions 

c 4 p 4 + d 4 q 4 , 4 p 4 + D 4 q 4 , (6) 

regarded as infinitesimal transformations in Lie's group theory, generate a two- 
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parametric group of point transformations in two variables. By a transformation 
of the variables x it y 4 of the form 

Xi = <p(x,y), y i = ^(^,y), 

the two expressions (6) can be changed into one of the following two types : * 

p,q; p, xp + yq. (7) 

We have thus the theorem : 

1. If the two-point function {i,j), i^j, is of such a nature that by select- 
ing any Jive points x 1 ,yi; .... ; x 5 ,y 5 , the ten functions (i,j), i, j = 1, 2, . . . . , 5 ; 
i =£/, are connected by just two relations independent of the coordinates of these five 
points, then must the function (i,j) be a two-point invariant of a continuous group 
in two variables similar to one or other of the groups (7). 

Conversely, if a given two-point function is a two-point invariant of such a 
group, then must the ten two-point functions of any five points be connected by at 
least two relations, as they satisfy two independent linear partial differential 
equations. 

II. — The Ten Two- Point Functions of Five Points are Connected by just Three 

Relations. 

§2. 

In this case we have three differential equations corresponding to the equa- 
tions (1). Two cases may now present themselves as follows : 

(A). The three equations can be solved for three of the derivatives 

Pi, ftt Pz> q»> 

(B). From the three equations can be eliminated the derivatives 

Pi, ffuftfft- 

In (A) we can proceed as above in the case 1. "We get three independent 
equations corresponding to the equations (4), from which we build commutators 
and get equations of the form (5). The condition that the latter should be 
derivable from the former gives two different results, found by equating to zero 

*See Lie's " Differentialgleichungen mit bekannten infinitesimalen Transfqrmationen," page 425. 
The types p,®p; q.,xq are omitted here, as ii our groups the determinant c 4 D 4 — (? 4 d 4 :£ 0. 
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the determinants of the coefficients of all the equations obtained. These results 
are : 

1°. The two-point function (4, 5) satisfies a differential equation of the 
form 

•42>«.+ «4 24 = 0, (8) 

where s 4 and tf 4 are functions of x 4 and y k only. 

2°. The two-point functions are two-point invariants of a three-parametric 
continuous group in two variables. 

In case 1°, the ten two-point functions of five points must evidently satisfy 
the five independent differential equations 

■s t p t + t i q i = 0, i=l,2 ,5. 

They must, therefore, satisfy at least five relations, contrary to hypothesis. 

In the case 2°, no two of the independent infinitesimal transformations of 
the group considered can differ only by a factor. For, let ap + bq, $>{ap + bq) 
be two such transformations. The functions (4, 5) must then satisfy the equa- 
tions 

a t pi + 6 4 q t + o 6 p 5 + b^q, = , $ 4 (a 4 _p 4 + b t q t ) + $ 5 (a 5 p n + & 5 g 5 ) = 0, 

from which we get 

«4l>4 + &4& = 0. a 6 p 5 +b & q 6 = 0, 

equations of the form considered in 1°. 

The three-parametric groups in two variables having no such pairs of infini- 
tesimal transformations are of the following types :* 

p, q, xp + cyq, c=fc0; 

p + x*p + xyq, q + xyp + y 9 q, yp — xq; 

xq, xp — yq, yp; 

p, q, xp-\-(x + y)q. 



(9) 



It is readily found that the two-point invariants of any one of these groups 
can be written in such a form as to satisfy all the requirements of the two-point 
functions under consideration. 

* "Theorie der Transformationsgruppen," Lie-Engel, Vol. Ill, p. 57. The types here given are 
taken from the list on p. 436. 
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Let us now consider case (B). One of the three differential equations 
satisfied by the ten functions (1, 2), .... , (4, 5), can be written 

s 3 i>3 + h q 3 + SiPt + hqi + e t pi + hq 5 = Q. 

Suppose s 4 =£ 0. The two functions (1, 4) and (2, 4) must evidently satisfy 
the differential equation 

P« + -^-J, = 0. (10) 

It follows that -4- is a function of x if y 4 only, unless the two-point functions 

are constants merely. If, however, -±- is a function of ar 4 , y t only, the equation 

*4 

(10) is of the same form as (8) in 1°, an impossible case. 

To resume, we have the theorem : 

2. The necessary and sufficient condition that the ten two-point functions of any 
five points satisfy just three relations is that they are two-point invariants of a three- 
parametric continuous group in two variables similar to one or other of the types (9). 

By examining the invariants of the groups considered we find that the six 
two-point functions of the hind here defined in any four points satisfy just one 
relation. 

III. — The Ten Two-Point Functions of any Five Points Satisfy 
at least Four Relations, 

§3. 

In the first place we find, by considering the possible sets of four relations 
connecting the ten two-point functions (1, 2), .... , (4, 5), that one relation 

at least must connect the six functions (1, 2), (3, 4) of any four points. 

Then we find that one relation at least must exist between the functions (1, 2), 
(1, 3), (2, 3) ; (1, 4), (2, 4); (1, 5), (2, 5). If (2, 5) is actually present in this 
relation, we may replace x iy y lt x 3 , y 3 , x t , y± by arbitrary constants, and change 
the variables so that (1, 5) becomes the new a- 5 . We thus obtain (2, 5) as a 
function of ar 5 , x 2 , y % , which must evidently reduce to a function of a%, x z only; 
say (2, 5)=f(x i , x$). The ten two-point functions of any five points will 
obviously satisfy at least five relations. 
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In the same manner all possible cases of having one relation connect the 
functions (1, 2), (1, 3), (2, 3); (1, 4), (2, 4); (1, 5), (2, 5) may be considered. 
The same result will be obtained. 

If more than five relations connect the ten two-point functions of five points, 
we find that one relation at least connects the three two-point functions of three 
points. Suppose there is one such relation. Let the three functions be 

and, by our usual process of building a linear partial differential equation, etc , 
we find that this can, by a suitable choice of variables, be put into the form 

Pi + Pi+Pt = 0- 

The two-point function (1, 2) is, accordingly, of the type {x x — x z f. Additional 
relations existing among the two-point functions considered will cause these to 
be constants merely, as is readily proved. 
Accordingly, we have the theorem : 

3. If at least four relations connect the ten two-point functions of any five points, 
these two-point functions are, by a proper choice of variables, reducible to the form 

Conversely, if the two-point functions have this form, at hast five relations connect 
the ten two-point functions of five points. 

More than five relations connecting these functions could exist only if the two- 
point functions, which are not supposed to be constants merely, are reducible to the type 

(Xi — xtf. 

By consulting the theorems 1-3, observing that each of the groups (9) con- 
tains two-parametric subgroups similar to one or other of the groups (7), we can 
make the following statement : 

4. The necessary and sufficient condition that the ten two-point functions of any 
five points are connected by two or more relations, is that the two-point function (» , J) , 
i =fcj, is reducible to the form f(x it x/) by a change of variables, or that the two- 
point functions are two-point invariants of a continuous group in two variables simi- 
lar to one or other of the groups 

p,g; p t xp + yq- 
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Thus, by a proper choice of the variables x y y, the two-point functions possess- 
ing the property just stated are represented by the three different types 

v yii Hi ' 

Some Geometrical Applications. 
I. — Concerning Angles, 

§4. 
Certain functions of the angles 

cos- 1 „ g^±M±^ ... and tori*- 1 * 



Vl+af+bWl+al+Vi l + whtn, 

between the two planes a x x-\- h x y + z = c 1( a z x + b % y + s = c 2 and the two 
straight lines y + m x x = 6^ y + wi 2 a? = 6 2 respectively, as 



2 



(l + af + JJ)(l+^ + *l) (1 + *!«.)'* 

are types of two-point functions. 

The first, written in the variables x, y in place of a, b, is a two-point inva- 
riant of the second of the groups (9). The six angles made by four planes in 
space are connected by one relation. 

The second may be written [tan (tan -1 mi x — tan _1 m 2 )] 2 , and is one of the 
types of two-point functions considered in §3. The three angles made by three 
straight lines in a plane are connected by one relation. 

II. — Concerning Distances. 

§5. 

The two-point functions which are such that just one relation exists between 
the six two-point functions of four points must, as has been demonstrated, be 
two-point invariants of continuous groups similar to the group-types (9). Re- 
placing the first of these types by the similar group 

2>> q> yp — xq + kfrp + yq), 
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the two-point invariants of the two points x lt y t ; x 2 , y % are respectively for the 
four groups 



A 
B. 



{ fa - *,)» + (y, - Vl Y\ e^- iy ^ ; 



fa — xif + {y% ~ y \T + fay* ~ x >m) 2 

(1 + xjfr + ytf,) 2 

C fai/2 — ^i/if; 

_g j/i— 3/1 



(11) 



Denoting, as above, by (a, 5), the two-point function of the two points 
«a. #«; «»» 2/6, the relations connecting (l, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4), 
for the different types given, are found by elimination of the coordinates x lt y^, 
etc. They are, respectively, 

A. The result of eliminating s and t between the equations 
[23l(s-iy— [13] S "+ [12] =0, 
[24] (t- 1)°— [14] f + [12] = 0, 
[34] (t — sf — [14] f + [13] s e = 0, 



where 

where 
and 

where 



B. 



c = ]~i > » =^-1; and [aft] = (a, ft)' a °; 

1 + 2 [23] [24] [34] = [23] 2 + [24] 2 -f [34] 2 , 
[aft] = 



(a, ft)-(l, a)(l, ft) 



K(i,«) 8 ~iX(i,6) 2 -i)P' 

1 _ I + «a afe + y x y 2 



C. 



(a ' h) ~ V(a, ft) + 1 V l + x*+fi -/1+aJ+yJ 
[12J[34] + [13][42] + [14][23] = 0, 
[aft] = (a, ft)*; 



where 



D. The result of eliminating s and t between the equations 
(s — 1) log(s— 1)— slogs = (s— 1)[23]— «[13] + [12], 
(t-l)log(t— l)-t\ogt=(t— 1)[24]-*[14]+[12], 
(t — s) log (t — s) — t log t + * log s 

= (*-s)[34]~ *[14]+«[13], 
[aft] = £ log (a, 6). 

44 



) 



(12) 
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The distance between two points in the plane is a two-point function of the 
kind here considered. Thus we see that the property of the analytic expression 
for the distance between two points of remaining unaltered by exchanging the 
coordinates of the two points, added to the property that the six distances 
connecting any four points are connected by just one relation, limits this expres- 
sion to a function of one of the four types (11). 

Examining more closely the two-point invariants (11) and the relations (12) 
we get the following result : * 

The distance between two points, or a function of this distance, in the euclidean 
or non-euclidean plane, is determined by the following conditions: 

The distance is a two-point function, which is real if real coordinates are used. 

Through any general point in the plane no real curve passes, the distance from every 

point of which to the given point is indeterminate, a constant, or is infinitely great. 

The six distances connecting any four points in the plane are connected by just one 

relation, which is an algebraic relation between certain functions of these distances. 

To apply these conditions we have first to find what values of the arbitrary 
constant h and what transformations of the coordinates involved will render 
certain functions of the invariants (11) real quantities for real coordinates. To 
answer this question it is plainly sufficient to find all the real group typesf 
similar to the types (9). 

These types are given in Lie's " Theorie der Transformationsgruppen," 
Yol. Ill, p. 436. To the four given in (9), assumed to contain real elements, 
must be added the following two : 

p> 2> yp — x 9. + * ( x p + yq) > 

p — x{xp + yq), q — y(xp + yq) , yp — xq; 

also containing real elements. These groups are similar to the first two of the 
groups (9), and their two-point invariants (1, 2) are respectively (A) of (11) and 

B fa y% — *% yif — (gg — *\f — (y% — y\f 

{\ — x 1 x % — y l y 2 f 
The two-point invariant (1, 2) of the first of the groups (9) is 

f. (yz-yxYi?*-^)-^ 

* Compare " On the determination of the distance between two points in space of n dimensions," 
by the author, Transactions of the Am. Math. Soe., Oct., 1903, p. 467. 

f Cf- " Theorie der Transformationsgruppen," Vol. Ill, Chapter 19, for real groups. 
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Applying the second condition given above to the six invariants obtained, 
we find that the invariant (F) just given and the two last, (C) and (D) of (11), 
must be excluded having respectively the curves 

y = constant, -*L = constant, x = constant, 

of the kind excluded. 

The types (A), (B) and (E) must now be considered. The two last fulfill all 
the conditions given, and are, in fact, functions (tan 2 c? and t&v?id) of the distance 
d between two points in the elliptic and hyperbolic plane respectively, proper 
coordinates being chosen. In the type (A), h must be real by the first condition } 
and by referring to the relations connecting the six invariants (1, 2), etc., given 
under (A) in (12), we find that c must be real in order that the relation connect- 

mg these six invariants may be algebraic. Since c = = ; , i= V — 1 , from 

1 + c 
which k=i , the only permissible value for h is zero. (If Tc = <», the type 

J, — — Q 

(A) of (11) will reduce to a particular case of type (F).) 



§6- 

III. — Problem : What are the surfaces for which, any five points be taken and 
joined by chords, the lengths of the ten chords so obtained are connected by two or 
more relations independent of the location of the points on the surface ? 

Let such a surface be given by z=f(x, y), and let us write p, a, r, s, t for 

dz dz dh dh dh . , m ., „ . ... 

?T ' W~ ' ?T* ' a a, ' S~J ' as 1S customary. 1 o avoid contusion, we shall 

henceforth write -J- , J- for p, q in the infinitesimal transformations concerned, 
ox oy 

reserving the letters p, q for »— , ^— . 
* * ox ay 

The square of the distance connecting the points x x , y x , Zj and x 2 , y % , 2 2 is 

(1, 2) = fo - x s f + (y, - y,f + ( Zl -z,f, 

where z x — f(x 1 , y x ) , z t =f (x, , y t ) . 
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According to the theorem (4), §3, the two-point function (1, 2) must be a 
two-point invariant of a continuous group similar to one or other of the groups 

dx ' dy dx ' dx dy 

or it must, by a change of variables, be reducible to the form <£> (x x , a%). 
If the latter is the case, we must have the identity 

$ (a a , a 2 ) = ( Xl — x 2 f + (y x — y,f + (z x — %) 2 , 



where a x is a function of x x and y x , only, a a the same function of x 2 and y % . 

Differentiating 
obtain the equation 



Differentiating this equation in turn by x x and y x , and eliminating J~- , we 



?) Pi 

faqi+yz—ziqi—yi) -*— + (— **&. — ^ + z i^i + ^) a? = ° ' 

where p x = ^~ , etc. 
dx x 

If we now give to x x and y x general constant values, we get the equation 
z 2 a + yih-\- x 2 c + d = 0, a,b, etc., being constants, at least one of which is dif- 
ferent from zero, as ~- and ^ cannot both be zero identically. The surface is, 
dx x dy x 

in such a case, a plane, for which the conditions of the problem are, a priori, 
satisfied. 

Thus it remains for us to find the surfaces z =/(%, y) for which the function 
(1, 2) is a two-point invariant of a group similar to one or other of the groups 

df df . di X V +V V 

dx~' dy ' dx' dx ^v 3y' 
Let the infinitesimal transformations of such a group be 

dx dy ' dx dy 

In order that the function (1,2) be a two-point invariant of this group, it 
should satisfy the differential equations 

a V +(3 V +at V+pV = o, y x ^ + eto. = 0, 
dx y dy x dx 2 dy % dx x 

a x being written in the variables x x , y x ; a 2 in x 2 , y 2 , etc. 
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That the first of these equations may be satisfied by (1, 2), we must have 
identically 

(xj. — x 2 ) (oj - a,) + (yi — y,)(ft — ft) 

+ (% — «fc)(ai2>i + ft ft — «2i> 2 — ft ft) = • (1 3) 

By substituting in turn different sets of constant values for x 2 and y 2 in this 
equation, we can solve for a x p x + ftft, «i and ft linearly in terms of x lf y x 
and z lt unless the surface sought is a plane. 

Disregarding the latter case (an obvious solution of the problem), we find 
the identity (13) satisfied by 

a = — az -f- ky + g , /? = — bz — Tex + h, ap + (3q = ax + by + c , 

a, 6, c , k, g, h being constants. 
Similarly, 

Y= — Az + Ky+G, h — — Bz—Kx+E, yp + hq = Ax + By + G. 

The equations 

ap + (3q — ax + by + c , yp + hq = Ax + By -f G 

(being made consistent by modifying the constants a, b, etc.), will now deter- 
mine z. Restricting ourselves to real solutions, the following surfaces only sat- 
isfy the conditions of the problem under consideration : 

1°. Any series of a finite number of parallel planes. 

2°. Any series of a finite number of concentric spheres. 

3°. Any series of a finite number of co-axial right circular cylinders. 

The mutual distances connecting four points on either of the first two sur- 
faces are found without much difficulty to be connected by one relation, whereas, 
in the remaining surface, the mutual distances connecting five points are bound 
by just two relations. Thus, the surface consisting of any series of co-axial right 
circular cylinders is the only real surface for which, any Jive points being taken, the 
mutual distances {along chords) connecting these five points are connected by just two 
relations. 
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IV. — Problem: What are the surfaces for which, any five points being taken 
and joined by geodesies, the ten geodesic distances so obtained are connected by two or 
more relations independent of the positions of the points ? 

Before going into the details of this problem, we may remark that the six 
mutual geodesic distances of four points on a surface of constant curvature are 
connected by one relation. 

Any two such surfaces with the same curvature are, as is well known, appli- 
cable one upon the other. As representative surfaces, the sphere a5 2 -r-y 2 -h z 2 = a 2 

with curvature — j and the pseudosphere* 

a; 2 -f y z = a 2 sin 2 $, z = a Hog tan -?- + cos $ j 

with curvature $■ may therefore be selected. The geodesic distance d be- 

tween the two points x x , y it z 1 ; x 2 , y % , z. 2 are respectively given by 



• 2 d _ («,-«!>»+ (ft -ft)' . , d _ (a t -g 1 )' + (^-^ 1 )» 
Sm to" -4ft ft " ' 2ia -4ft ft " ' 

where a and /? are certain functions of a, y and z.f 

Now, the distances connecting four points on a sphere are, as we know, con- 
nected by one relation. The distances on the pseudosphere in question being 
of the same type as the distances on the sphere, differing from these only by the 
multiplier i after a proper choice of coordinates, it is evident that one relation 
must connect the six mutual distances of four points on the pseudosphere. 

Now, we shall prove that the surfaces required in the present problem, if 
real, must have constant curvature. 



* Darboux, " Theorie des Surfaces," T. Ill, p. 394. 

t Darboux, " Theorie des Surfaces," T. Ill, p. 401. The variables x, y used by M. Darboux in the 
formulae referred to are here replaced by a and /? respectively. 
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Under the conditions of the problem, the distance (1, 2) must be a two- 
point invariant of a continuous group similar to one of the groups 

dx ' dy ' dx ' dx ^ y dy ' K } 

or it must be reducible to the form $(x lt x.^) by a change of variables (theorem 
4, §3). 

For a real surface, the distance (1, 2) could not be of the form $(x lt x z ). 
This would, namely, require the linear element ds of the surface to be rational 
in dx, as is easily seen. The linear element of a real surface z = f(x, y), 



ds = a/ \ (l + p *) dx 2 + 2pq dx dy + (1 + q 2 ) dy 2 \ 

could, however, not become rational in dx and dy by any change of variables. 

Thus the distance (1, 2) must be a two-point invariant of a group similar 
to one or other of the groups (14). Taking the two points indefinitely near each 
other, and writing x, y, x + dx, y-\-dy for x lt y x , x 2 , y 2 respectively, we have 

(1, 2) 2 = ds* = (1 + f) dx* + 2pqdxdy + (l + q 2 ) dy 2 . 

Introducing in this expression the variables x, y used in the groups (14) we 

obtain 

ds 2 = Edx 2 + iFdxdy + Gdy 2 , 

E, F, G being functions of x and y. In order that this expression may be 
unaltered by the point transformation determined by one or other of the groups 
(14), ds 2 must satisfy one or other of the following systems of simultaneous par- 
tial differential equations in x, y, dx, dy : 

^ = o ^ = o 

ox oy 

The solutions are respectively 

adx* + 2bdx dy + cdy 2 , — (adx 2 + 2bdx dy + cdy 2 ) , 

if 

a, b and c being constants. 
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Linear transformations will reduce these expressions to the forms 

j 3. . j 2 dx* + dy z 
do? + dtf, j^- , 

which are representative forms for the linear element of surfaces of constant 
curvature, zero and k respectively. Hence, 

If two relations exist between the ten mutual geodesic distances of any Jive 
points on a real surface, independent of the coordinates of the five points, this must 
be a surface of constant curvature. On such a surface one relation exists between 
the six mutual geodesic distances of any four points. 

Stanford University, Cal., April, 1902. 



